Non-uniform black strings in the two-brane system are investigated using the effective action approach. It is shown that the radion acts as a non-trivial hair of black strings. The stability of solutions is demonstrated using the catastrophe theory. The black strings are shown to be non-uniform.
Introduction
In the Randall-Sundrum 1 model [1] , the black hole can be regarded as a section of the black string as long as the distance between two branes is less than the radius of the black hole on the brane. As the radion controls the length of the black string, it can trigger the transition from the black string to localized black hole through the Gregory-Laflamme instability. The purpose of this work is to reveal the role of the radion in the black string system with the hope to understand this phenomena. We take the specific model that the dilaton field coupled to the electromagnetic field on the ⊕-brane. In the case of stable black string, we can use the low energy approximation that the curvature on the brane is smaller than the curvature in the bulk. Foutunately, the effective action is known in this case as [2] 
where we defined Ψ := 1 − exp(−2d/ℓ). Here, d and ℓ are the proper distance between the branes and the curvature radius in AdS 5 , respectively. The point is that the bulk metric is completely determined by the 4-dimensional theory through the holographic relation as [2] 
Here, we have used the following coordinate system to describe the geometry of the brane model:
We place the branes at y = 0 (⊕-brane) and y = ℓ (⊖-brane) in this coordinate system. Using this fact, we have investigated the bulk geometry of this system and found stable non-uniform black strings for which the radion plays an important role [3] . We consider the static and spherically symmetric metric in the Einstein frame on the ⊕-brane as
where f (r) := 1 − κ 2 m(r)/4πr. We assume the existence of a regular event horizon at r = r H and asymptotically flatness. We consider solutions with a magnetic charge Q m . In the following, we provide views both from the brane and from the bulk.
View from the Brane

Radion as a Hair
We obtain the first law of black hole thermodynamics, from which we can find that the radion field is a hair of black strings. We can prove that Ψ is monotonically decreasing function of r. In Fig. 1  (a) , as an example, Ψ for a solutionā := √ 2a/κ = √ 3, Ψ ∞ := Ψ(∞) = 0.25 and the horizon radius λ H := √ 2r H /κQ m = 0.119 is depicted.
Stability of the Black String
In the single brane limit Ψ → 1, the effect of the radion ceases. Hence, the solution approaches GM-GHS solution [4] . In the close limit Ψ → 0, we have φ(r) = 0. Thus, only Reissner-Nordström (RN) solutions are possible in this limit because of the no-hair theorem. Therefore, the non-trivial radion (Ψ = 0, 1) interpolates RN and GM-GHS solutions as in Fig. 1 (b) where the relation between the inverse temperature 1/T H andM are plotted. We can prove that there is no inner horizon for Ψ = 0. Thus, the causal structure is the same as that of Schwarzschild black hole. This suggests that our solutions are stable as the GM-GHS solutions. We can also argue stability of our solutions using the catastrophe theory. According to the catastrophe theory, the stability changes at d(1/T H )/dM = ∞ [5, 6] . Since we cannot find the point d(1/T H )/dM = ∞ in the graph for various parameters, our solutions are stable in the catastrophic sense. 
View from the bulk
Our interest here is the y-dependence of the horizon which had not been investigated so far in the RS1 model. The hologram (1) can be used to see the shape of the black strings. To see the non-uniformity of the horizon, let us investigate the change of the circumference radius along y direction. The procedure to obtain a circumference radius of the horizon is summarized as follows: (i) seek for the radius r = r + (y) which satisfies h 00 + g
00 = 0 (or equivalently h 11 + g
11 = ∞ as we denote below.) (ii) evaluate the circumference radius in the Einstein frame as
22 (r + ) .
Note that we subtracted the effect of the AdS background in the above expression (See, Eq. (1)). First, let us find r + (y). Writing g
00 =: h 00 f 0 (r, y) and g
11 =: h 11 f 1 (r, y), we can verify that f 0 = f 1 and they have finite values at r = r H . Hence, the coordinate value of the horizon does not change r + (y) = r H even at this order. Thus, we can evaluate the circumference radius (4) using the expression
Here, we introduced the variable w := (1 − Ψ) −y/ℓ − 1 which increases toward the ⊖-brane. Figure 2 : Deformation of the horizon for Ψ ∞ = 0.25, λ H = 1.11 × 10 −2 ,ā = √ 3 and ℓ/r H = 0.5.
As an example, we show the ratio of the horizon R H /r H as a function of y in Fig. 2 . We find that the circumference radius of the horizon monotonically shrinks toward the ⊖-brane even if we subtract the background effect. Although, we showed only one example, we can easily confirm that this is general by differentiating (5) with respect to w since the fields satisfy the conditions
at r = r H . In fact, by rewriting Eq. (5) as
22 (r H ) = w
we obtain
From Eq. (9), we see dK/dw takes minimum value at the ⊖-brane. On the ⊖-brane, we have
Therefore, dK/dw is always positive in the bulk. This means dg (1) 22 /dw < 0. As the horizon has non-trivial y-dependence, the black strings are non-uniform.
Finally, we comment on the zeroth law of the non-uniform black string. Using the metric (3), the Hawking temperature is
Since f 0 = f 1 at r = r H , T H does not depend on y. Therefore, the zeroth law of black hole thermodynamics holds.
Conclusion
Non-uniform black strings in the two-brane system are investigated using the effective action approach. We considered the dilaton field coupled to the electromagnetic field on the ⊕-brane. It is shown that the radion acts as a non-trivial hair of the black strings. From the brane point of view, the black string appears as the deformed GM-GHS black hole which becomes GM-GHS black hole in the single brane limit and reduces to the RN black hole in the close limit of two-branes. In view of the catastrophe theory, our solutions are stable. From the bulk point of view, the black strings are proved to be non-uniform. Nevertheless, the zeroth law of black hole thermodynamics holds. We established the picture that the event horizon shrinks toward the ⊖-brane (even if we subtract the effect of the AdS background) and the distance between branes decreases toward the asymptotically flat region.
However, we cannot apply our present analysis if the distance between branes exceeds the horizon radius. This is because the Kaluza-Klein effect becomes significant. It is the point that Gregory-Laflamme instability commences. The transition to the localized black hole may occurs. The AdS/Conformal field theory correspondence argument suggests the classical evaporation of the resultant black hole. Moreover, there is also a possibility that the shape of the horizon becomes complicated. To get a hint, we need to proceed to the next order calculations corresponding to Kaluza-Klein corrections. We want to investigate it in the future.
